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/ # , * ( ! ) # « ( 1 2 ) d 9 l = 0 [for 5 = 1 , 2 , . . . , / * , with 
(i j) included] is introduced 4. In this case one gets 4 

(.Ha + P 1 2 On) &u = - ^12 (7) 

4 0 . S INANOGLU, J. Chem. Phys. 36, 7 0 6 , 3 1 9 8 [ 1 9 6 2 ] . 

where the symbols mean the same as in (5) except 
now removes all HF orbitals. For the correlation 
energy one gets again an expression like (6) but with 
slightly different meaning for Nij, N2 and X2; the form 
of X2 is simpler with total orthogonality. 
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In the preceding note 1 we outlined a method for ob-
taining the variational solution of the Schrödinger equa-
tion of finite Fermion sytems 2 . The energy of the sys-

A _ 
tem was written in the form E\ =EF+ 2 E(n) where 

n=2 

EF is the Hartree-Fock energy and is the cor-
relation energy of the rc-particle approximation (2 n 

A). In the preceding note 1 (referred to as I) we 
outlined the calculation of EY and E<-2\ In order to 
get the 3-rd order correlation energy we minimize the 
energy of the system using the trial function 

y = \pY + p){ijk) (1) 

where the notation is the same as in I. This method 
may be called the method of "independent triplets" 3 ; 
the results again depend on the subsidiary conditions. 
If the 3-particle functions &ijk satisfy the non-restric-
tive partial orthogonality condition 2 (strong-orthogonal 
to all HF orbitals except , <Pj, 0k) we get the equa-
tion 

r

 123 Oijk] $ijk 
= Eijk $ijk + [cijk - P123 Oijk] Wik (2) 

where eijk is the correlation energy of one triplet (re-
lative to EY) and the symbols are the logical generali-
zations of the symbols used in Eq. (5 ) , of I. Using the 
0ijk s computed from (2) , one at a time, one gets 

£(3) = 2 
i<j<k 

£jjk Njjk + |3 _ £(2) f f c ^ ? ) ( 3 ) 
A ' , A , 

where Njjk is the normalization constant if only the 
triplet ( i jk ) is correlated, N2 and N3 are the full nor-
malization constants in the two- and three-particle ap-
proximations; y3 contains the off-diagonal matrix com-
ponents of the Hamiltonian between 2- and 3-particle 
functions. 

If Oijk in (1) is subjected to the slightly restrictive 
total orthogonality (strong orthogonal to all HF orbi-
tals) then we obtain an equation similar to (2) but a 
closer investigation shows that it has only the trivial 
solutions £ijk = 0. Therefore, in the case of total ortho-
gonality the energy has to be minimized with respect 
to the trial function 

V = V * + 2 f{2)(ij)+PHijfc), (4) 
i<j 

and we get, assuming that and the /(2)'s are known 
from the preceding step the equation for <f>ijk 

[Hijk + P 123 Oijk] 0ijk 

= (eijk + £ ( 2 ) ) $Uk - P123 L i j k , (5) 

where the symbols are the same as in (2) except the 
projection operators now remove all H F orbitals; the 
function Lijk contains the <£//s which are present in 
the equation because of (4) . Using the 0-,jk s, com-
puted from (5), one at a time, we get 

r(3) _ V lijk Nijk i Xa 
s-i N i<j<k yv3 A , (6) 

where N\jk is the normalization constant of (4) , Ns is 
the full normalization constant in the three-particle ap-
proximation and "/3 contains the off-diagonal matrix 
components of the Hamiltonian with respect to Oijk s 
with different orbital indices. 

Beginning with the 4-particle approximation the cor-
relation function has to be written as the sum of real 
rc-particle collisions ("linked clusters") plus simul-
taneous 2-, 3-, etc. particle collisions ("unlinked clus-
ters") . W e put 0ijkl = 01ijkl+^>iJjkl where the first is 
the "real " 4-particle collision, the second is the pro-
duct of simultaneous two-particle collisions. By putting 

= 0 first, one gets in the same way as in the 
3-particle case; then adding <£u one gets the com-
plete (One can assume that <Z>U is built from 2-
particle s). Using total orthogonality we get 

Eijkl Nijki v 
A. 

£(4) = V 
i,j.k,l N, 

+ 

+ I 
i,j,k,l 

/V, 
(?) 

where iijkl, Nijkl, A 4 and X4 are similar to the cor-
responding symbols in (6) ; Afjkj and X 4 are the dia-
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3 Generalization of the "independent pair" model. See Ref. 3 

in I. 
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gonal- and off-diagonal matrix components with respect 
to (Pfj/ci and Afjki and are the matrix components 
connecting linked and unlinked correlation functions. 

Summarizing, we approach the exact solution of the 
Schrödinger equation in steps where at each step we 
calculate the 2-, 3-, . . . , n-th order correlation functions 
(2 n ^ A) from independent equations but we do 
not neglect anything in the energy expression. The 
calculation of the ra-th order function requires the 
knowledge only of the lower order functions. The 
energy is obtained as the finite sum 

Ey = EF+ Y E<W>. 
n = 2 

For Er2j, £ ! and E^ we gave explicit expressions; 
the rest can be constructed similarly. Depending on 
the orthogonality condition, two different formalisms 
can be developed. The partial orthogonality gives sim-
pler equations but more complex energy expressions; 
the total orthogonality gives more complex equations 
but simpler energy expressions. The computed energies 
converge toward the exact in both cases. 
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Wir gehen davon aus, daß ein (nicht relativistisches) 
System von Massenpunkten vorliegt, von dem jedoch 
nur ein (nicht abgeschlossenes) Teilsystem betrachtet 
wird. Wir wollen Energie, Impuls und Drehimpuls des 
Gesamtsystems berechnen, wobei wir uns nur auf das 
dynamische Verhalten des Teilsystems beziehen. 

Dazu wird das Gesamtsystem durch eine Lagrange-
Funktion L charakterisiert, die von den das Teilsystem 
kennzeichnenden Ortsvektoren r a ( f ) , a = l , . . . , n , und 
deren Ableitungen nach der Zeit bis zur TV-ten Ord-
nung abhängt. Die Lagrange-Funktion wird so gewählt, 
daß die aus dem Hamiltonschen Prinzip resultierenden 
Bewegungsgleichungen 

di __ 3L 
dt) d(dixa/dti) [ L ] a = v .. = 0 

;=0 
(1) 

das dynamische Verhalten des Teilsystems beschreiben. 
Bei Symmetrietransformationen wird nun in Analo-

gie zur Theorie klassischer Felder höherer Ordnung 1 

von der numerischen Invarianz des Wirkungsintegrals 
für beliebige Grenzen ausgegangen, so daß sich die in-
finitesimale Änderung von L infolge der Änderung der 
funktionalen Abhängigkeit von ra von t wie folgt er-
gibt. i 

öFL=-±(Ldt). (2) 

Wenn also eine r-dimensionale Liesche Symmetrie-
gruppe mit der Parametrisierung Ei, 1 = 1,... ,r gege-
ben ist, dann wird 

dt = 2 (dt)iei 
1=1 

und ^F ra = 2 (<5F ra) i ei. 
i=i 

Für die Lösungen von (1) ergeben sich damit aus (2) 
nach Umformung der linken Seite die Erhaltungssätze 

0 
= £ (3) 

4- V ( I V di-iÖFtg di 
— V ' J » ' - i J . i 

3 L 
a = l .n 

7 = 0, Af—1 
i = 0,7 

dti-i dti 3(d;+t r a /df /+i) } ' 

oder anders geschrieben 

0 = - f k ( < 5 0 * - 2 ( - i ) ' ( . i 
d t ' « i t * 

7 = 1 , N 
i = 0 , N—j (3') 

3 L dJ ÖF r« 
dt» 3(di + i tjdti + i) 

So ergibt sich z. B. aus der Invarianz gegen zeitliche 
Translation, also <3ra = 0 und öFXa=—xadt, die Ge-
samtenergie 

• di-l+1 Xg d' 3 L L, H= v (-1V 
; d « ' - i + i dfi 3(d/ '+ira /d« '+i) 

H ^ 1 (4) 

ferner aus der Invarianz gegen räumliche Translation, 
also dt = 0 und <5Fra = dr a , der Gesamtimpuls 

,• di 3 L 
v 3J? n ( ' dti 3 (d/'+l Xa/dtj+l) 

7=0,-Y-t 

(5) 

und schließlich aus der Invarianz gegen räumliche Dre-
hung, also dt = 0 und ^FTa= [e, ra] der Gesamtdreh-
impuls 

y ( - i y 
3 = 1.71 

j=0,ft-l 
i=0,7 

di~i ra d' 3Z. 
dti-i dti 3 ( d / + i ta/dti+i)_ (6) 
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